The stable/unstable manifold theorem for hyperbolic diffeomorphisms has proven to be of extreme importance in differentiable dynamics. We prove a stable/unstable "manifold" theorem for area preserving homeomorphisms of orientable two manifolds having isolated fixed points of index less than 1. The proof relies upon the concept of free modification which was first developed by Morton Brown for homeomorphisms of two manifolds and later extended by Pelikan and Slaminka for area preserving homeomorphisms of two manifolds.
Introduction
The stable/unstable manifold theorem (also known as the Hadamard-Perron theorem) for hyperbolic fixed points is a cornerstone in differentiable dynamics. The proof of this result has even filtered down to an advanced undergraduate level textbook in dynamics [De] . A topological version of this theorem, however, is still wanting. In the case of expansive homeomorphisms, both Lewowicz [Le] and Hiraide [Hi] have shown the existence of stable/unstable sets. These were needed to prove that there do not exist expansive homeomorphisms of the two spheres.
At least since Poincaré, there has been much attention given to area preserving homeomorphisms and symplectic diffeomorphisms such as twist maps of the annulus or, more recently, the Arnol'd conjecture [cf. Ar, Appendix 9] . Montgomery [Mo] showed that if h : R" -► R" is a measure-preserving homeomorphism, then given any open neighborhood U of a fixed point p of h there exists a compact connected set K of which p is a proper subset and such that h(K) c K . Ding [Di] , in work concerning Duffing's equation, proved the existence of Lagrange stable sets for area-preserving homeomorphisms of the plane.
In this paper we present a topological analog of the stable/unstable manifold theorem for area-preserving, orientation-preserving homeomorphisms of orientable two manifolds.
We first prove the local version of the theorem in which we construct compact, connected, invariant sets which have area zero and which do not separate the plane, and then extend the stable (respectively, unstable) sets by applying h( respectively, h). The main tool which is used in this paper is that of free modification of an area-preserving homeomorphism. M. Brown [BrJ originated this method for homeomorphisms in order to study index-related problems on two manifolds. Pelikan-Slaminka [PS] and Slaminka [SI] have extended these techniques to area-preserving homeomorphisms of two manifolds. Though we define free modifications below and describe their properties, we refrain from reiterating the arguments which have been used in [PS] and [SI] in order to keep this work brief.
In § 1 we present the definitions and lemmas needed in the main theorem. In §2 we prove the main result.
We wish to thank the referee for his/her insightful comments and suggestions.
Preliminary definitions and lemmas
We first define the notion of index of a simple closed curve. A free modification of a homeomorphism h does not alter the fixed point set nor the index of any simple closed curve.
The Brouwer lemma is essential in working with homeomorphisms which are devoid of index one simple closed curves.
Brouwer lemma. Let h : R2 -» R2 be an orientation-preserving homeomorphism of the plane and let E be a disc in R2 such that Enh(E) = 0. If Enh"(E) ¿ 0 for some n > 1 , then there exists a simple closed curve C with ind(h, C) = 1 .
For a proof of this lemma the reader should consult either Brown [Brj ] or Fathi [Fa] .
The following corollary provides the first link with area-preserving homeomorphisms.
Corollary. Let h : R -> R be an area-preserving, orientation-preserving homeomorphism of the plane and let K cR be a disc. If there exists a disc E c K such that h"(E) c K for all n > 0 and E n Fix(A) = 0, then there exists a simple closed curve C c K having index one.
An easy consequence of the properties of index is that if Fix(A) is isolated and ind(h , p) < 1 for all p € Fix(A), then there do not exist any simple closed curves of index one. The following lemma by Brown [Br2] describes the colimit set of a point for such homeomorphisms. 
S, nSj=p= U, n Uj for all i¿j.
(6) The sets (5, n C) and (U¡DC) alternate on C.
Proof.
First reduction step. Since this result is purely local in nature we can reduce the problem, either by using the covering space of M~ -Fix(h) U {/?} or by using the manifold charts, to the following setting. The manifold M is R , h is an orientation-preserving, area-preserving homeomorphism of R* and Fix(A) consists of a countable collection of isolated fixed points pt such that ind(h , p¡) = -n . We single out any one of these fixed points, designating it by p and let Z), be a disc with p e int(Z), ) and Z), n Fix(A) = p . Second reduction step. Using the method of free modifications for area-preserving homeomorphisms we can construct a simple closed curve C with h(C) U h~ (C) C int(Dx) and area(C) = 0 which bounds a disc D having p € int(D), and area-preserving homeomorphism h , such that C is in the following canonical form:
(1) Cn'h(C) is finite, (2) C intersects A(C) transversely; and, (3) Dnh(D) is connected (where by transverse intersection we mean that there exists a homeomorphism of a neighborhood of a point x € Cnh(C) to R such that x is mapped to the origin and an arc on C containing x is mapped to an interval on the x-axis and an arc on A(C) containing x is mapped to an interval on the y-axis). Thus such a simple closed curve C and its image h(C) bounding discs D and h(D) with a point p € int(Dnh (D) ) of index -n will have the form shown in Figure  1 (where, for example, n = 2 ). Since the details explaining this reduction are given in full in [SI] they will not be repeated here. However, the salient features of this construction will be listed below. Let ai, b¡ denote the endpoints on the arcs (C -h(D)) for i = 0, 1, ... , n . Let {a¡} i -0,...«, be the disjoint arcs on C -h(D) from b¡ to a¡ where an is the arc on C from bn to a0. The necessary properties of this reduction by free modification are:
( The Brouwer lemma plus (1), (2), and (3) imply that Fix(A) = Fix(h) and ind(h, q) = ind(h, q) for all q € Fix(h).
Construction of the invariant sets. Let {Af}, i = 0, ... , n denote the discs h(D) -D bounded by the arcs S¡, ßl where the endpoints of <5;, ßi are a¡ and b¡_x (with subscripts taken mod(« +1)), and such that S¡ c C and ßi c h(C). Consider the arc q0 . There exists an arc nx C h(aQ)nD which has one endpoint in ô0 and the other in <5, , and is "closest" to p , where by closest we mean that nx separates p from all other such arcs of h(a0) O D in D. Inductively define n¡ as the arc in h(n¡_x) nö with endpoints in SQ and ôx , which is closest to p. Due to feature (6) above, n¡ is closer to p than n¡_x . Let U = lim/>0inf ni. (See [CV] p. 253 for a definition of lim inf.) Since each nj contains a point from ô0 and <5, , the set U is nonempty. By the Brown lemma, p e U. Since each r\i is compact and connected, it follows also that U is compact and connected. Since n¡ c h(f]¡_x) we have that h~ (U) c U . Let U0 be the irreducible (with respect to inclusion), compact, connected, A" invariant subset of U containing a point of U nô0 and p. Such a set exists by the Brouwer reduction theorem. We claim that U0 n C c ô0. By construction UQ D C c SQ U ¿, . Assume that C/0 meets r5, . In the same way the we constructed U using h iterates starting with the arc at a0, construct the stable set S0 from a0 to p using h~ iterates starting with the arc ßx . It follows that (50 -p) n Uq jí 0 . Let x be a point in this intersection. Since x € S0-p , there exists an N > 0 such that n (x) £ D. However, by feature (6) above, h~"(x) £ D for all n > N. But, x e U0, a contradiction.
Again, by the Brown lemma, if x € U then À"m(x) -► /? as m -» co. Since ç _i each point x € U0 tends to p under Ä and the measure of p is zero, the measure of U0 is also zero.
Assume that U0 separates the plane. Let AT be a bounded domain of the complement of U0 which necessarily lies in D. Let £ c K be a small disc such that h~ (£) n £ = 0. By the corollary to the Brouwer lemma we arrive at a contradiction.
Assume x e U¡ n U,, where x ^ p and i -fc j. Then there exists N > 0 such that A"(x) € Ai. However, as was shown earlier, U. does not meet Ai.
Note. In the case that n -0 the above procedure gives rise to UQ , as U0 and Ux each have points in ôQ = âx .
For each i construct U¡, and then in a similar fashion construct the stable sets St. The homeomorphism h has been modified on D thus Ui, and S¡, as constructed, are not the desired sets. However, h = h on the neighborhood N(p) c D noted in feature (2). The stable and unstable sets exist on an open subset of N(p). Thus one can construct a disc D in N(p) containing p which the above properties for C = bd(D). The last property then follows by construction.
Question. The above construction used the irreducible connected invariant continuum to obtain the stable and unstable sets. One could enlarge this set to obtain maximal connected stable and unstable sets. However, it is not known whether every point, whose a or co set is the fixed point, must lie in this unstable or stable set.
